Abstract-Consider the pendulum equation with an external periodic force and an appropriate condition on the length parameter. It is proved that there exists at least one stable periodic solution for almost every external force with zero average. The stability is understood in the Lyapunov sense.
INTRODUCTION
Consider the differential equationẍ + β sin x = f (t), (1.1) where β > 0 is a real parameter and the function f : R → R is continuous and T -periodic. In addition, it is assumed that f has zero average, that is
Given a solution x(t), then x(t) + 2πN is also a solution for each N = ±1, ±2, . . . Two solutions are called geometrically different if they are not related in this way. Mawhin and Willem proved in [12] that there exist at least two T -periodic solutions x 1 (t) and x 2 (t) that are geometrically different. More information on this result and on the history of this equation can be found in the survey paper [11] . These periodic solutions were found as critical points of the action functional
In particular, one of them, say x 1 (t), is a global minimizer of the action. It was already observed by Poincaré that minimizers are unstable in the Lyapunov sense and a proof for the non-degenerate case can be seen in the classical book by Carathéodory [3] . The general case is treated in [18] . In consequence, the equation (1.1) has always one unstable T -periodic solution. The problem of the existence of stable T -periodic solutions is more delicate and the answer depends on the forcing f . If we define the resonance set
then there exists a stable T -periodic solution when β ∈ R and f is small enough. This follows from a perturbation argument that uses Birkhoff Normal Form and KAM theory. To obtain non-local results it seems that these tools must be combined with ideas coming from Nonlinear Analysis. |f (t)|dt < P (β).
In [6] this result was improved to allow some resonances. In the present paper I obtain a stability result without imposing restrictions on the size of the forcing. More precisely, it will be proved that if
then there exists a stable T -periodic solution for almost every forcing f with zero average. The space of continuous and T -periodic functions with zero average will be denoted by
It has infinite dimensions and so the phrase for almost every forcing f in X needs further clarifications. To this end we interpret X as a separable Banach space endowed with the uniform norm
and use the notion of prevalence introduced by Ott and Yorke in [20] . That paper explains the relationship with a related notion introduced previously by Kolmogorov. The main result of the paper can be stated now in precise terms.
Theorem 1.
Assume that the condition (1.2) holds. Then the set S = {f ∈ X : (1.1) has a stable T -periodic solution} is prevalent in X.
In a paper in preparation I will construct two examples of forcings f (t) such that Eq. (1.1) has exactly two T -periodic solutions and both of them are unstable. The first example will be constructed for β > ( 2π 3T ) 2 and this implies that S = X, at least when β > ( 2π 3T ) 2 . For the second example it will be assumed that β > ( π T ) 2 but the new feature will be the existence of > 0 such that the equationẍ + β sin x = f * (t) has exactly two T -periodic solutions, both of them unstable, if ||f − f * || ∞ < . This shows that S is not prevalent when β > ( π T ) 2 . I do not know if the set S is also large in the sense of category when (1.2) holds. Perhaps some of the techniques of the paper by Markus and Meyer [9] could be applied but it does not seem an easy task.
The rest of the paper is devoted to proving Theorem 1. In Section 2 we recall some well-known properties of linear periodic equations related to the Floquet multipliers μ 1 , μ 2 and the discriminant Δ = μ 1 + μ 2 . Given a T -periodic solution ϕ(t) of (1.1), we say that it is elliptic if the multipliers of the linearized equation satisfy μ 1 = μ 2 , μ 1 = e iθ , θ = kπ, k = 0, ±1, ±2, . . . . In Section 3 we assume that (1.2) holds and prove that there exists an elliptic solution for almost every f ∈ X. The main tool in this section is degree theory. Elliptic solutions can be unstable in the Lyapunov sense, however, this cannot occur if the number θ 2π satisfies certain arithmetic conditions. This is explained in Section 4, where we invoke a result due to Russmann [22] . In particular, the solution ϕ(t) is stable if the number θ 2π is Diophantine. The set of Diophantine real numbers is small in the sense of category but it has full measure. The Floquet exponent θ is easily computed in terms
